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y=((2 =)'

Fig. 2.1.30

31. The graph of the function f(x) = x%/3 (see Figure 2.1.7
in the text) has a cusp at the origin O, so does not have
a tangent line there. However, the angle between O P
and the positive y-axis does — 0 as P approaches 0

along the graph. Thus the answer is NO.

32. The slope of P(x) at x =a is

m = lim
h—0

Since P(a + h) = ap + ath + axh® + -+ + a,h" and

P(a) = ap, the slope is

ao+ath +ah®>+ -+ a,h" — ag

m = lim

P(a+h)— P(a)

h—0

= lim a; +a2h+'~+anh”*1 =a.

h—0

Thus the line y = £(x) = m(x — a) + b is tangent to
y = P(x) at x = a if and only if m = a; and b = ay,

that is, if and only if

P(x)—L(x) = a2(x — a)2 +az(x — a)3 4+ tap(x —a)
= - a)zl:az +a3(x —a)+ - +a,(x — a)n—z]

=@ —a)’0®x)

where Q is a polynomial.

Section 2.2 The Derivative (page 105)
1.
y
y=f'(x)
Oo—0 T o——-0

3.

7.
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y
o——-0
y=gw)
oO——-0 0
+ o—o
y A
y=h(x)
k + + + + )C'
y A
k + + )C'
T y=K(x)

Assuming the tick marks are spaced 1 unit apart, the
function f is differentiable on the intervals (—2, —1),
(=1, 1), and (1,2).

Assuming the tick marks are spaced 1 unit apart, the
function g is differentiable on the intervals (-2, —1),
(—=1,0), (0, 1), and (1, 2).

y = f(x) has its minimum at x = 3/2 where f/(x) =0
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y = f(x) has horizontal tangents at the points near 1/2

y=f'(x)

4 4
\

Fig. 2.2.7

and 3/2 where f'(x) =0

y = f(x) fails to be differentiable at x = —1, x = 0,
and x = 1. It has horizontal tangents at two points, one

)

/ |

X

y—f(x)—x —3x24+2x+1

/

+

y=f'(x)

Fig. 2.2.8

between —1 and O and the other between O and 1.
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3 y
v=f@ =1
y “+
y= ' ]
; ¢\ [ : >
~—1_ \ X
Fig. 2.2.9

10. y = f(x) is constant on the intervals (—oo, —2), (—1, 1),
and (2, o0). It is not differentiable at x =

x = =+1.
y
y=fx)=

Ix2 — 1] —[]x* — 4]

+2 and

' N\ 1 AR X
Y4 /
y=f'(x) 1
+ + T pe
Fig. 2.2.10

11. y=x>-3x

(x +h)? =30 +h) — x2—=3x)

y = lim

h—0 h
. 2xh+h%=3h
=lim ——— =2x -3
h—0 h
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12 f(x) =1+ 4x —5x2

. 1+4(x+h) —5x+h)? = (1 +4x —5x2)

ffo=1 W

. 4h — 10xh — 5h2
=lim ———— = —4—10x
13, fx)=x3
- h—0 h

=lm-——— =3x

14.

R

ds 1 1 1
— = lim — -
dt  h—-0h |3+4+4@¢+h) 344t
i 3+4t—-3—4r—4h 4
= 11m = —
h—0 h(3 +41)[3 + (4t + h)] 3+ 41)2

15. F(it)=~+v2t+1
2+ +1— /2t +1
m
h
1 2t +2h+1 -2t —1
= l1im
h=0h (V20 +h) +1+ /2t +1)
. 2
= lim
h—0 \/2(t+h)+1+\/21+1
1

F'(t)=1

V2t + 1
16. f(x) = %«/ —x
3 3
V2 - —|—h—— 2 —
f(x)—hm“/ (k) - gv2ox
|: —x—h 2+4+x ]
/Ho hWV2=x +h)+/2—x)
- 8«/2—x
1
17. y=x+-
x
1
x+h+ —x— -
. x+h X
y' = lim
h—0 h
. x—x—h
=lim(1+ ———
h—0 h(x + h)x
1+ i -1 -t
= im——=1—-—
h—=0 (x 4+ h)x x2
18. z=—
145
dz 1 s+ h s
—=lm—-|— —
ds h—0h|14+s+h 1+s
(s+md+s)—sU+s+h) 1

im =
h—=0 h(14+s)(1+s4+h) (1+5)?

SECTION 2.2 (PAGE 105)

19. F(x) = !

V1 +x2
1 1
T+ t+h? JIt2
Fo = T

\/1+x2—\/1+(x+h)2
= 1um
h=0 b1+ (x + h)2v/1 + x2
, 14+x2—1—x%—2hx —h?
= lim

=0 p T+ (x + 2T+ 2 («/1+x2+\/1+(x+h)2)
_ —2x _ X
T 214+ x2)32 7 (14 x2)32

20, y=—

g 1 1 1

=lm—-|— - =

Y= (x+hn? x2
x2— (x +h)? 2

TaZ0 hlax+m? X8
1
21. y=
14+x
1 1
V() = lim JIi+x+h JT+x
h—0 h

iy VIEX VTt

h=0 h/T+x +hy/1T+x
_ lim l+4x—1—x—h
/HOh«/l+x+h\/1+x(\/1+x+«/1+x+h)

1
hg})_\/l—}—x—kh«/l+x(«/1+x+x/1—|—x—|—h)
1

T 21+ x)32

23

22. f(t)— t2+3

t+n*-3 2-3
r'@ = lim o ((r+h)2+3 B t2+3)
N (G h)? =312 +3) — (12 = 3)[(t + h)* + 3]
) h(t2 +3)[(t + h)? + 3]
_ 12th + 6h? 12
= lim =
h—>0 h(t2 +3)[(r + )2 +3] ~ (12 +3)2

23. Since f(x) = xsgnx = |x|, for x # 0, f will become
continuous at x = 0 if we define f(0) = 0. However,
f will still not be differentiable at x = 0 since |x| is not
differentiable at x = 0.

x2 if x >0

2 ifx<0 ¥

will become continuous and differentiable at x = 0 if we
define g(0) = 0.

24. Since g(x) = x%sgnx = x|x| =
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25. h(x) = |x% + 3x + 2| fails to be differentiable where
x24+3x +2 =0, that is, at x = —2 and x = —1. Note:
both of these are single zeros of x> + 3x + 2. If they

were higher order zeros (i.e. if (x +2)" or (x + 1)" were

a factor of x2 4 3x + 2 for some integer n > 2) then A
would be differentiable at the corresponding point.

26. y=x3—2x

. f) = f(1) B S = f(M
x—1 x—1
0.9 0.71000 1.1 1.31000
0.99 0.97010 1.01 1.03010
0.999 0.99700 1.001 1.00300
0.9999 |  0.99970 1.0001 1.00030
d 1+h)3=20+h) — (-1
KPR RPN :hm(+> (1+hn—(D
dx =1 h—0 h
o h+3n2 4R
= hm _—
h—0 h

=lim1+3h+hr%=1
h—0

27. f(x)=1/x

. fx) = f@2) . f@) - f2
x—2 x—2
19 | —0.26316 21 | —023810
199 | —025126 | | 201 | —0.24876
1999 | —025013 | | 2.001 | —0.24988
19999 | —0.25001 | |2.0001 | —0.24999
SR
- 2-Q2+h
£1@) = tim 2Eh gy 2= CER)
h—0 h h—0 h(2+ h)2
1 I

=lim-———— = ——
-0 (2+h2 4

28. The slope of y =5+4x —xZat x =2 is

dy g SH4Q R — Q4?9
—_— = 1um
dx =2 h—0 h
—h2
= lim — =0.
hE}}) h

Thus, the tangent line at x = 2 has the equation y = 9.
29. y=4+/x+6. Slope at (3,3) is

lim\/9—|—h—3 lim 9+h -9 1
m = —_— = _— = -,
h—0 h h—0nh(J9+h+3) 6

1
Tangent line is y — 3 = g(x —3), orx —6y =—15.
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t
The slope of y = 2atz:—2andy:—lis

12

dy 1 —2+h
= =lim - | ——F5— — (=1
dt |, h=>0h [ (=2+h)?-2
. =24+ h+[(=2+h)>—-2] 3
= lim = ——.
h—0 h[(—2+ h)2 —2] 2

Thus, the tangent line has the equation
y=—1-3(@+2), thatis, y = —3r — 4.

y= Slope at t = a is

124t
2 2
2 )
m = lim (a+h)y*+@+h) a*+a
h—0 h

2@ +a—a®—2ah—h*—a—h)
im
h—0  h[(a+h)?+a+hl@® +a)

. —4a —2h —2
= lim
h—0 [(@a + h)? +a + h](@® +a)
_ 4a + 2
(@ +a)?
2 2Q2a+1)

Tangent line is y =

)

— t —
a’+a (a? + a)? ( “
f/(x) =—17x7"8 for x #0
g'(®) =222 for all ¢

d 1

ﬁ = §x72/3 for x #0

d 1

& ——x forx #£0

dx 3

d

— 2B = 2253 for 1 > 0

dt

d

—S119/4 — £8115/4 for s > 0

ds 4

d 1 1

—/s = — =-.

ds\/_s:9 2\/E s=9 6

F(x) ! F'(x) ! F’ ! 16

x) = —, X)) =——, - )=-
X x2 4

F®) =—2x oo
=8 48

dyl o _lsp L

dt t=4 4 t=4 8\/§

The slope of y = 4/x at x = xq is

dy 1
axlisyy 2R
Thus, the equation of the tangent line is
55+ ——(x — x0), that s, y = ~0
= /X X — Xp), , Yy = .
y 0 2«/)5_0 0 y 2\/%
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45.

INSTRUCTOR’S SOLUTIONS MANUAL

1 1 1
Slopeofy:—atx:atis——2 =—.
X X%, a
1
Normal has slope a2, and equation y — — = az(x —a),
a
1
oryzazx—a3+—
a
The intersection points of y = x? and x + 4y = 18 satisfy

4x2+x - 18=0
(4x +9)(x —2) = 0.

Therefore x = —% or x = 2.
. dy 47.
The slope of y = x? is m| = — = 2x.
9 9 dx
AtX:—Z,ml :—5 Atx:2,m1 =4.
The slope of x + 4y = 18,ie. y = —fx + 1 is
my=—1.
Thus, at x = 2, the product of these slopes is
(4)(—%) = —1. So, the curve and line intersect at right
angles at that point.
Let the point of tangency be (a, a®). Slope of tangent is
d
—x? =2a
dx x=a
This is the slope from (a, a®) to (1, =3), so
2
3

@+ = 2a, and
a—

a*+3=24>-2a

a®>—2a-3=0

a=3o0r —1
The two tangent lines are
(fora=3): y—9=6(x—3) or 6x —9
fora=-1): y—1=-2x+1)ory=-2x—-1 48

y 4
2
y= )C2 (a,a®)
>
1,-3)
Fig. 2.2.45

1
46. The slope of y = — at x =a is
x

dy 1

5
dx |,_, a

SECTION 2.2 (PAGE 105)

1 1
If the slope is —2, then —— = —2,0ora = +—.

a? V2

Therefore, the equations of the two straight lines are

y:ﬁ_2<x—%> andy:—ﬁ—2(x+\%>,
ory =—2x+2J2.

Let the point of tangency be (a, /a)

Sl f t ti df !

ope of tangent is —+/x =

P S W
1 -0

Thus—:ﬁ ,80a+2=2a, and a = 2.
2/a a+2

The required slope is

1
272

(a.v/a)

/ v

Fig. 2.2.47

If a line is tangent to y = x2 at (¢, t2), then its slope is
dy

dx |,
its slope satisfies

= 2¢. If this line also passes through (a, b), then

2—b
t—a

=2¢, thatis > —2at +b=0.

2a +/4a? — 4b
Hence 1 = == Y24" 777 =a++va?—b.
Ifb < a? ie. a*> —b > O, thent = a +va?2 —b
has two real solutions. Therefore, there will be two dis-
tinct tangent lines passing through (a, b) with equations
y=b+2<a:|:«/a2—b)(x—a). If b= a2, then ¢ = a.
There will be only one tangent line with slope 2a and
equation y = b 4 2a(x — a).
If b > az, then a? —b < 0. There will be no real solution
for t. Thus, there will be no tangent line.
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49. Suppose f is odd: f(—x) = —f(x). Then
f=x+h) = f(=x)

f'(=x) = lim

h
i fx—h)— fx)
=lmm -
h—0 h

(let h = —k)
i SR = )
= lim ——M——~
k=0 k
Thus f' is even.
Now suppose f is even: f(—x) = f(x). Then
f=x+h) = f(=x)

(—x) = i
S(=x) Jim Y

= i f(x_h)_f(x)
= lim ~¥—F———~ 2~

= f'()

h—0 h
i SO~ @)
=lim ———~
k=0 —k
=—f'(x)
so f is odd.

50. Let f(x) =x"". Then

o x+R)T—xT"
! — l
F hl—I}}) h

1 1 1
=lm-(———— —

h—0h \ (x +h)" x"

X" — (x + h)n

= lim ———

h—0 hx"(x 4+ h)"

oox—(x+h
=lim ———x

h—0 hx"((x + h)"

(xnfl _|_x1172(x + h) T ()C + h)nfl>

=—— xnx" ' = —px 0D,
x2n

51. f(x):xl/3
(x + )13 =13
mere

/ — 1
F ) hleO h
_ lim x4+ m3—x13
T >0 h

&+ 4 (x + ) Bx1B 4 X213
AW E (x + h) BB+ 23
— Lim xX+h—x
h—0 h[(x + h)2/3 + (x + h)13x1/3 4 x2/3]
= lim !
h=0 (x 4+ h)23 + (x + h)13x1/3 4 x2/3
L By

T 3x23 7 3
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Let f(x) =x!/7. Then

(x +h)1/n _xl/n

f’(x):}}i_r)r}) (et x +h=ad", x =0b")

h
. a—>b
= lim ———
ll‘)b al‘l _bl‘l
. 1
= af}, anfl + an72b + a”*3b2 + .4 bnfl
— 1 — lx(l/n)fl
nbn—1 n :
. o (x+R) X"
—x"=lm ——
dx h—0 h
1 no_ nn—1)  _
=1 _ n 4 lh n th
hl_rfbh[x L R S v
nn—1n—-2) , 33
S h R
1 x2x3 * + + *
-1
— lim <nx"—1 +h[Mx"—2h
h—0 1 x2
nn—1Hn-2) , 3, -1
- v A h R AL
T x2x3 ot
=nxn—l
Let

fla+h) — fla)

/ — 1
fah) = lim,

h
oy — i T@ED = @
=ty S

If f/(a+) is finite, call the half-line with equation

y = f(a) + f'(a+)(x —a), (x > a), the right tangent
line to the graph of f at x = a. Similarly, if f/'(a—)

is finite, call the half-line y = f(a) + f'(a—)(x — a),

(x < a), the left tangent line. If f'(a+) = oo (or —00),
the right tangent line is the half-line x = a, y > f(a) (or
x=a,y < f(a). If f'(a—) = oo (or —00), the right
tangent line is the half-line x = a, y < f(a) (or x = a,
y = fla)).

The graph has a tangent line at x = a if and only if
f'(a+) = f’(a—). (This includes the possibility that both
quantities may be +o0o or both may be —oc.) In this
case the right and left tangents are two opposite halves of
the same straight line. For f(x) = x2/3, flx)= %x*1/3.
At (0, 0), we have f/(0+) = 400 and f'(0—) = —o0.
In this case both left and right tangents are the positive
y-axis, and the curve does not have a tangent line at the
origin.

For f(x) = |x|, we have

/ _ _ 1 if x >0
F ) =sgn@) = {—1 if x < 0.
At (0,0), f/(0+) = 1, and f/(0—) = —1. In this case
the right tangent is y = x, (x > 0), and the left tangent is
y = —x, (x <0). There is no tangent line.
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Section 2.3 Differentiation Rules
(page 113)

y:SXZ_S.x_7, y/=6x—5.

5
y=4x1/2—— y’=2x_1/2—i—5x_2
X
f(x)=Ax>+Bx+C, f'(x)=2Ax+ B.
6 2 , 18 4
f(x)zx_3+ﬁ_2’ f(x)z_x_4_x_3
sS—s3 d 1 1
Z=Y S, —Z:—s4——sz.
15 dx 3 5

y=x" - x4 y’ = 45x% + 45540
gty =1"3 4214 4 3415

1 1 3
1) = —p=23 L L34 24
g () 3 + 3 + 3

3 2 23 _ 5,—3)2
y=3Vr2 - = =328
Vi

4y _ 13 + 3732
dt
3
NV R e V2
5 3
du _ o L
dx

F(x) =0Cx —-2)(1 —5x)
F'(x) =3(1 — 5x) + 3x — 2)(—5) = 13 — 30x

x2

1
y:ﬁ(S—x—;):Sﬁ—x”z—gxs/z
5 3 5
2 3 =2
W~ Vgt

() = 2
w—3 SWT T 32

1
y_x2+5x
, 1 2x +5

= (224 5x)2 (@x+5 = (224 5x)2

gt) =

_ 4
(3—x)?

!/

y:

b/
TO="%
2

T T

FO ===

2 , _

g(y)zl——yz’ g(y)_i(l—yz)z
42

f(x)zl ;lx =)c73—i
X

18.

19.

20.

21.

22,

23.

24,

25.
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-3
gu) = L/ﬁz =u 2 3,72
u
1 12— u/u
/ -3/2 -3
g0 = —qu 6 =

241412
N Ly P VS ST

NG
dy ap 13 32 +1-2
—~ =t 4+ — 4 t= —
dt 2.1 2\/— 21t
_x=1 s o
= x2/3 =X X
dz 1 553 2 55 x+2
>3 T3 T 3es
3 —4x
fx) = 3T 4
) = B+4x)(-4) -3 —-40)@)
N (3 +4x)?2
B 24
T (B+4x)?
24
T2

, (2= D@ +2) = (2 +20)(20)
B (2= 1)

2414
S
L+
s = 1_\/;
1 1
ﬁ_ (1—\/;)2—\/;—(1+\/;)(—ﬁ)
dr (1 - 12
1
INZTESNGE
x3—4
fx) = 11
s+ DBxH = (P =)
flx) = TEmD
_ 2x3 +3x%2 + 4
T+ 1)?
ax + b
fx) = cx +d
, _ (cx +d)a — (ax + b)c
f= (ex + d)?
_ ad — be
T (ex+d)?

49
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(WX = D2 —x)(1 —x?)

2+ 7t -8
26. F(t)= —5——— 32. =
)= f) MRS
F/(z)_(lz—t+l)(2t+7)—(t2+7t—8)(2t—1) (] 2 x —2x2 4
(12 —141)? _< _ﬁ) 34 2x
—8i* + 18 — 1 1 2—x—2x2+x3 1
_ _ (1,32 _
(2 —t+1)2 f/(x)_<2x ) 3+2x +<l ﬁ)

27.  f(x) =1 4+x)0 +2x)(1 4+ 3x)(1 + 4x)

y GB4+20)(—1—4x+3x) -2 —x —2x2+xH(©2)

F) =0 +2x)A +3x)(1 +4x) +2(1 +x)(1 4+ 3x)(1 + 4x) (3 + 2x)?

+ 3014 x)(1 + 2x)(1 4 4x) +4(1 + x)(1 +2x)(1 + 3x) Q-0 -x%
T 2x32(3 +2x)

OR
F) =11 +x)(1 +401[(1 + 2x)(1 + 3x)] N (1 B L>4x3 +5x% —12x =7
= (1 +5x +4x3) (1 + 5x + 6x2) vx (3 +2x)?
— 2 2 4
7 ig”j?‘f;gﬂ“ ;45? -k a4 ( <2 ) _ F0E0) -2
=14 10x +35x° +50x~ 4+ 24x . )| [f(x)]2 -
f(x) =10 4 70x + 150x* + 96x° AFQ) —4f'@2) 4
= == —l
28. f)=C24r =P+ + 1) LfQPr 4
') = (27 =37 He? +r° +1) )
' d (fx) x7f(x) — 2xf (x)
-2 -3 2 - = 77 =7
+ G+ =42 +3r%) 34. P ( 2 ) T = .
or 4@ —4f@ _ 4 _1
f(r):—2—|—r_1—|—r_2—|—r_3—|—r—4r2—4r3 ZTZRZZ
Flo)y=—r2—2r73 =34 41— 8r — 12/?
d 2 2 ¢/
29. 3=+ T DE -2) 3.0 L(Prw)|  =(vwsdrw)
Y =2x(Vx + DG - 2) 4@ +Ar@ =20
1
+ =2+ 45 - 2)
PN ! _— ( f) )
+ 13—Ox_1/3(x2 FHWED) Cx\P+ ™)
) R _ 2+ FO)f/ () — fF)2x + f/(x))
30, y- & FDOC+I) N @2+ f(0)? 2
(2 +203 + 1) G+ FOVF'Q) — FOG+ () 18— 14
_ X442 40 - @170 =& T
x5+ 2x3 4+ x242
;7207 +x? + )5t +3x2 4 4x) 37 d (x2—4 d | g
r = (x5 4+ 2x3 +x242)2 ) E(x2+4)')‘:‘2_ﬁ( _x2+4> —
B (6% + x3 4+ 2x% 4+ 2)(5x* + 6x2 4 2x)
(05 + 223 + x2 +2)2 - W(ZX) x=—2
27 —3x% = 3x% —6x? 4 4 2 1
(S 23 a2 42)2 T 2
_ 2x7 — 3x% — 3x* — 6x2 + 4x
(2 +2)2(x3 + 1)?2 3. 4 [f(l +~/?)]
dt | 5—1t
x 3x2+x =4
. = = 3/2
3 et 6x2 +2x + 1 ZE[L]
T3 dr | 5—1t ]|,z
;624 2x + 1)(6x + 1) — (3x2 + x)(12x +2) _G-na+ 312 — (t + 13/ (=1)
r = 622 1 2x + 1) G172 »
6x +1 (H@) — A2)(—1)
(6x2 4+ 2x + 1)2 (1)?2

50
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40.

41.

42,

43.

44.
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_F
f(x)—m
1
Froy = (X-i-l)ﬁ—\/;(l)
= x+ 1)
3
IR
ro=22 !
9 1842

i[(1 + 00 +26)(1 +30)(1 + 41)]
dt t=0

=MA 4200 +30)(A +41) + A+ )1 +36)(1 + 41)+

A+ +203)A +41) + (A + 1)1 +26)(1 + 31)(4)

=142+43+4=10

= y’:‘m(‘%)

Slope of tangent at (1, —2) is m = m =4
Tangent line has the equation y = —2 4+ 4(x — 1) or
y=4x—-6
1

For y = x+l we calculate

x—1

, =D —@HDO 2

' =12 -

Atx = 2 we have y = 3 and y/ = —2. Thus, the

equation of the tangent line is y = 3 — 2(x — 2), or
y = —2x + 7. The normal line is y = 3 + %(x —2), or

y=%x+2.

1 ’
y:x—|——,y:l——2
X X

1

For horizontal tangent: 0 =y’ = 1 — — so x> =1 and
x

x ==l

The tangent is horizontal at (1,2) and at (—1, —2)

If y =x%(4 — x?), then
Y =2x(4 — x%) 4+ x2(=2x) = 8x — 4x> = 4x(2 — x?).

The slope of a horizontal line must be zero, so

4x(2 — xz) = 0, which implies that x =0 or x = +2.
Atx=0,y=0and at x = £+/2,y = 4.

Hence, there are two horizontal lines that are tangent to
the curve. Their equations are y =0 and y = 4.

t=0

45.

46.

47.

48.

SECTION 2.3 (PAGE 113)

_ 1 ;L 2x + 1
r= x2+x+1° = (2 +x+1)2
For horizon- ) |
tal tangent we want 0 = y’ = —m. Thus
1
2x+1=0and x = —=
2 1 4
The tangent is horizontal only at (_E’ g)
x+1
If y= , th
y=< ) en
L GO -+ D)1
= (x+2)? T

In order to be parallel to y = 4x, the tangent line must
have slope equal to 4, i.e.,

1

— 2 _ 1
m—“», 0r(x+2) =7z

_ _3
At x = —3

(S][}

Hence x + 2 = :I:%, and x = —% or —
y:—l,andatx:—%,y:&
Hence, the tangent is parallel to y = 4x at the points

(=3, -1) and(-3.3).

Let the point of tangency be (a, %). The slope of the

: b— % 1_1 2
tangent is —— = . Thusb—-===and a = —.
a? 0-a a a b
2 b2
Tangent has slope —— so has equation y = b — Zx.

y

Fig. 2.3.47

2

1
Since — =y = x> = x/? = 1, therefore x = 1 at
N

the intersection point. The slope of y = x? at x = 1 is

1
2x =2. The slope of y=— atx =1is
x=1 ﬁ
dy| __Llosp| __1
dx |, 2 i 2

The product of the slopes is (2) (—%) = —1. Hence, the
two curves intersect at right angles.

51



49.

50.

51.

52.

SECTION 2.3 (PAGE 113)

The tangent to y = x> at (a, @) has equation
y = a® +3d%(x — a), or y = 3a%x — 2a3. This line
passes through (2, 8) if 8 = 6a®> — 24> or, equivalently, if
a® —3a%>+4 =0. Since (2, 8) lies on y = x>, @ = 2 must
be a solution of this equation. In fact it must be a double
root; (a — 2)? must be a factor of a> — 3a% + 4. Dividing
by this factor, we find that the other factor is a + 1, that
is,

ad—3a® +4=@-2%a+1).

The two tangent lines to y = x> passing through (2, 8)
correspond to @ = 2 and a = —1, so their equations are
y=12x —16 and y = 3x + 2.

The tangent to y = x2/(x — 1) at (a, a®/(a—1)) has slope

(= D2x —x*(1) a’ —2a

x—1)? T @-n*

X=a
The equation of the tangent is

a2 az -

_ 2a(
Y ATl T g9

This line passes through (2, 0) provided

a? a2—2a(2 )
- 2-a),
a—1 (a—1)2

or, upon simplification, 3a?> — 4a = 0. Thus we can have
either a = 0 or a = 4/3. There are two tangents through
(2,0). Their equations are y =0 and y = —8x + 16.

VTG~ JT@

d .
VIO =

h
— lim fx+h)— fx) 1
h—0 h NG+ + /)
_ £/
2/ f(x)
d 5 2x X
=/ 1= —
ax " * 2241 a2l

3 .

fx) =[x = {x 3 %f 20 Therefore f is differen-
—x° ifx <0

tiable everywhere except possibly at x = 0, However,

JO+h) - f0O)

lim =—— 7~ — |im #*=0
h—0+ h h—0+

0+h)— f(O
lim M — lim (—hz) =0.
h—0— h h—0—

Thus f'(0) exists and equals 0. We have

ooy 3x2 ifx>0
f(x)_{—3x2 if x < 0.

52

53.

54.

R. A. ADAMS: CALCULUS

d
To be proved: d—x”/2 = %x(”/z)fl forn=1,2,3,....
X
Proof: It is already known that the case n = 1 is true:
the derivative of x!/2 is (1/2)x~1/2.
Assume that the formula is valid for n = k for some
positive integer k:

d
A K -
dx

2

Then, by the Product Rule and this hypothesis,

d
4 wtnp _ 4 apan
dx dx

1

:Ex

12,k/2 4 ka1 _ K+ 1 -1
2 2

Thus the formula is also true for n = k 4+ 1. Therefore it
is true for all positive integers n by induction.

For negative n = —m (where m > (0) we have
d d 1
S22
dx dx xm/2
—1m
_ 1M m2)-
x™m 2
m n
_ —(m/2)—1 _ (n/2)—1
—x = —x .
2 2

To be proved:

(fifa - fo)
=flh -t Al ottt Lo fh

Proof: The case n = 2 is just the Product Rule. Assume
the formula holds for n = k for some integer k > 2.
Using the Product Rule and this hypothesis we calculate

(fifa- fifir1)
=[(fifa- fO) fir1)
=(fifo SO fixr + 12 i) fr
=(fifa- o+ Aifa St F fifa ) fin
+ (fifae fi) fig
=fifr - fifiri + fifs e fifir1 +-o-
+ fifae filfer + fifae fiofig

so the formula is also true for n = k + 1. The formula is
therefore for all integers n > 2 by induction.

Section 2.4 The Chain Rule (page 118)

y=(@2x+3)°,

=3

¥ =99

-2
3

y' = 6(2x +3)°2 = 12(2x + 3)°

'



10.

11.

12.

13.

14.

INSTRUCTOR’S SOLUTIONS MANUAL

f@)=@d—xH s,
f/(x) = 104 — x3)°(=2x) = —20x(4 — x%)°
d_y:i a2 — —6x _ 3x
dx  dx 2WT=3x2 V1-3x2
3 —10
F(t):<2+?>
3\7M =3 30 3\ 7! 16
F'(ty=-10(2+2 2 _ (242 .
®) ( +t> 3 t2< +t>
2= (1+x>)"
L = %(1 +x2/3)1/2(%x71/3) = x 131 4 x23)12
3
g
;L 3 d) = 12
YT T a0 VT a2
y=(1-—2%)73?
Y = =3 =272 (<4 = 61(1 — 212 '
23 -2
y=11-x, y =-2rsgn(l—x) ="
[1—x2|
f@O) =12+
3122 +13)
/ 3 2
fl(®) =[sgn(2+1)1(3t°) = T
y =4x 4+ |[4x — 1]
y' =4+ 4(sgn (4x — 1))
2{8 %fx>% 18,
0 1fx<z
y=Q+ )
y = 1@+ 1xH P31 P)sgn (x)
=uﬁa+um*”G%)=ﬂﬂ@+um4”
X
B 1
MW v
()
- 2
(2+ 3x+4) 2V3x +4 19.
3
- 2
2V3% F 4(2 + 3T 4) 20.
4
x—2
f(x)=(1+ 3 ) ’1.
=414 x—2\ (13 1
F= 3 2Vx—2/\3 22
_2 3, a2 :
“3Vix— 3 23

SECTION 2.4 (PAGE 118)

N 3
dz 5( 1 >—8/3<1 1 )
ae - 3\ w0 w172
5 1 1\
(- ()
x33/3 4 x6
YT Gy
' 1 23| < 4 6., .5 3x
y _7(4+x2)6 <(4+x) |:5x 34+x0+x <\/3+—x6)i|

— V3 x6[3(4 n x2)2(2x)]>
A+ xD)[564 G +x0 +3x10] - G + 20 (60)

4 + x2)4/3 4+ x0
_60x* —3x0 4 32x'0 4 2x"2
4+ x2)4/3 +x0

y A

y=l2+£|

o173 t

slope 8
y=4x+|4x—1|

slope 0

T
Hi—

=

1 1

d u d

a4 —3/4
dx dx

1

d 5 d [~ 1 X\ 3 i
ax T dx xﬁ_z/xﬁ ﬁ—i_Zﬁ — 3

d 3p_d /~ 1 20 _ 3 ap

dxx —dx\/x——zmﬁx)—zx

d ,
T +3) =212 +3)

if(5x —x2) =5 =2x)f'(5x —x?)
dx

53



24,

25.

26.

27.

28.

29.

30.

31.

32,

33.

SECTION 2.4 (PAGE 118)

ACIACIEIE
NETIE)

i3+2f(x)— 2/ f®)

dx

d , 2
E-f(‘/3 +21) = (V3 + 2z)ﬁ

1
(V3 +20)

V342t

1
x

<y (2.f(3.f(x))>

=7 (2.f(3.f(x))> 21/ (3f) 37

d
—SBH2E) = = (3 +2V%)

_ 6f’(x)f/<3f(x))f/<2f(3f(x))>

%f(z 34— 5z))
- f’(z _3f(4— 5;)) (—3f’(4 - 5z))(—5)
— 15/ (4 — 5t)f’(2 34— 5z))

E )C2 +1 x==2
X
2+ 1)\/2_1 —Vx2—=102x)
J— 'x _
- (x> +1)?
2

_ ®) (—7§> —V3(-4) _

d (m)

x=—

2
25 253

3
—s 23t —17

3

=3 22

d
—A/3t =7
dt

fx) = PR

1
S Qx+1)32

1
x=4 27

'@ =

y =} 49)772

17
y' _ 7(x3 +9)15/23,2

x==2

x==2

54

23420 SBE2f)

17
=—(12) =102
> (12)

34.

35.

36.

37.

38.

39.

R. A. ADAMS: CALCULUS

F)=(14+0)Q2+02C+x)3@+x)*
F'(x) =Q2+x)2@+x)°@+x)*+
20+ x)Q24+ 0@+ 2@+ )+
31+0)Q2+x)*C+x)2 @ +x)*+
401+ 02 +2)*C+x) @ +x)°
F'(0) = 23> Y +2(D2)(3*)EhH+
3(H2HEBHEH +4HHEBHEY)
=42%-3% 4% =110, 592

y= (x + ((3x)5 - 2)_1/2)_6
y = —6(x n ((3x)5 - 2)71/2>
D),

= —6(1 - §(3x)4((3x)5 -2) 73/2)

X (x + ((3)6)5 — 2)_1/2)7

The slope of y = +/1+2x% at x =2 is

=7

dy _ 4x _
dx |y 24/14+2x210p 3

Thus, the equation of the tangent line at (2, 3) is
y=3+3x-2,0ry=4%x+1.

Slope of y = (1 4+x%3)3/2 at x = —1 is
§(1+x2/3)1/2 %x71/3 -2

2 3 x=—1

The tangent line at (—1, 23/2) has equation
y=2"2-V2(x+1).

b
The slope of y = (ax +b)8atx == is
a

dy

= 1024ab’.
dx

x=b/a

= 8a(ax + b)’
x=b/a

b
The equation of the tangent line at x = — and
a
y = (2b)8 = 25608 is
b
y = 256b8+1024ab’ (x - —), or y =20ab7x—3%x28p8.
a

Slope of y=1/(x* —x +3)2 at x = -2 is

—%(xz—x+3)*5/2(2x—1)‘ - —%(9*5/2)(—5) _ 3

162

x==2

1
The tangent line at (-2, E) has equation

S )
YT T e T



40.

41.
42,
43.
44.
45.

46.

10.
11.

INSTRUCTOR’S SOLUTIONS MANUAL

Given that f(x) = (x —a)"™(x — b)" then

Fly=mx—a)" ' (x =b)" +n(x —a)"(x —b)"!

=@ —a)" ' (x = )" Ymx — mb + nx — na).
If x #a and x # b, then f'(x) =0 if and only if
mx —mb +nx —na =0,

which is equivalent to

m+n m+n

This point lies lies between a and b.
x4+ 2x2 = 2)/(xr + 1)?

4(7x* — 49x2 + 54)/x7

857,592

5/8

The Chain Rule does not enable you to calculate the
derivatives of |x|? and |x%| at x = 0 directly as a compo-
sition of two functions, one of which is |x|, because |x|
is not differentiable at x = 0. However, |x[> = x2 and
|x2| = x2, so both functions are differentiable at x = 0
and have derivative O there.

It may happen that k = g(x + h) — g(x) = 0 for values
of h arbitrarily close to O so that the division by k in the
“proof™ is not justified.

Section 2.5 Derivatives of Trigonometric
Functions (page 123)

d 1
—CsCX = ——— =
dx dx sinx

COoS x

) = —cscxcotx
sin® x
—cos? x — sin® x 2
= —cscx

—cotx = — — =
dx dx sinx

sin? x
y' = —3sin3x

X , 1 X
y=sing, y'=gcosz.
y=tanzwx, y =msec®mx
y' = asecaxtanax.
y =cot(4 —3x), ¥ =3csc’(4—3x)
d . m—x 1 T—X
oy Sin——— =~z cos —
f/(x) =rsin(s — rx)

y' = Acos(Ax + B)

y = secax,

f(x) =cos(s —rx),

y = sin(Ax + B),

d
— sin(rrxz) =2mx cos(nxz)
dx

12.

13.

14.

15.

16.

17.

18.
19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

SECTION 2.5 (PAGE 123)

1

d

= cos(v/x) = NG sin(y/x)
Vit g osnx

Y Y 24/1 + cosx

d
I sin(2 cos x) = cos(2 cos x)(—2 sin x)
X
= —2sinx cos(2 cos x)

f(x) = cos(x + sinx)

f(x) = —(1 + cos x) sin(x + sin x)
g(0) = tan(@ sin 0)

g (6) = (sinf + 0 cos ) secz(e sin0)

3
u= sin3(nx/2), u = TN cos(wx/2) sinz(nx/Z)

y=sec(l/x), y = —(l/xz) sec(1/x) tan(1/x)

1
F(t) =sinat cosat (= 3 sin 2at)

F'(t) = acosat cosat — asinat sinat
(= acos2at)

G@©) = sinaf
cos b
, a cos bl cosab 4 b sinaf sin bl
G ()=

cos2 bo

% (Sin(2x) - cos(zx)) — 2c0s(2x) + 2sin(2x)

d d
—(cos2 x — sinzx) = — cos(2x)
X dx

= —2sin(2x) = —4sinx cos x

d 2 2
d—(tanx + cotx) =sec”x —csc”x
X

d
d—(secx — CSCXx) = secx tanx + csc x cotx
X

2

d 2
—(tanx —x) =sec“x — 1 =tan“ x
dx

d d
- =—(1) =
I tan(3x) cot(3x) I =0

d . . .
E(rcost—smt) = cost —tsint —cost = —tsint

d . . .
E(rsmt—l—cost) =sint +1cost —sint =tcost

d sinx  (1+cosx)(cosx)— sin(x)(—sinx)
dx 14cosx (1 + cos x)?
_cosx+1 1
T (14cosx)2 1+cosx
d cosx (14 sinx)(—sinx) — cos(x)(cos x)
dx 1+sinx (1 4 sinx)?
—sinx — 1 —1

T (U+sinx)?  1+sinx

55



31.

32,

33.

34.

35.

36.

37.

38.

39.

40.

41.

42,

43.

SECTION 2.5 (PAGE 123)

d
d—x2 cos(3x) = 2x cos(3x) — 3x2 sin(3x) 44.
X

g(t) =/ (sinr)/t
) = 1 y tcost —sint
SN =S ooyt 12

tcost —sint

T 232 /sint

v= sec(xz) tan(xz)

v = 2x sec(x?) tan®(x?) + 2x sec® (x?)
_ _sinyx 45.
“T T+ cos Jx
, (14 cosy/x)(cos /x/2/x) — (sin /) (= sin \/x/2,/x)
©= (1 4 cos i/x)?
_ 1 4 cos/x B 1
T 2/x(1+cos/x)2  2/x(1 + cos /x) 46.
% sin(cos(tant)) = —(sec2 t)(sin(tant)) cos(cos(tant))

f(s) = cos(s + cos(s + cos s))

f'(s) = —[sin(s + cos(s + cos s))] 47.

X [1 — (sin(s 4 cos s))(1 — sins)]

Differentiate both sides of sin(2x) = 2sinx cosx and

divide by 2 to get cos(2x) = cos? x — sin® x.

2 2

Differentiate both sides of cos(2x) = cos“x — sin“ x and

divide by —2 to get sin(2x) = 2sinx cosx.

Slope of y = sinx at (,0) is cosm = —1. Therefore
the tangent and normal lines to y = sinx at (7, 0) have 48
equations y = —(x — ) and y = x — 7, respectively. )

The slope of y = tan(2x) at (0, 0) is 2sec2(0) = 2.
Therefore the tangent and normal lines to y = tan(2x) at

(0, 0) have equations y = 2x and y = —x /2, respectively. 49.

The slope of y = \/Ecos(x/4) at (m, 1) is

—(v/2/4)sin(rr/4) = —1/4. Therefore the tangent and 50.

normal lines to y = V2 cos(x /4) at (;r, 1) have equations

y=1—(x—m)/4 and y =1+ 4(x — ), respectively. 51

The slope of y = cos? x at (;r/3, 1/4) is
—sin(27/3) = —+/3/2. Therefore the tangent and normal

lines to y = tan(2x) at (0, 0) have equations 52.

y = (1/4) — (v/3/2)(x — (/3)) and
y = (1/4) + 2/+/3)(x — (t/3)), respectively.

oy (TIXN
Slope O:[y = ns)lcn(x ) = Sm(180) is 53.
y =. 180 cos (@) At x = 45 the tangent line has 54.
equation
LT _—a5) 55
= — x —45). .
YT T 802

56

R. A. ADAMS: CALCULUS

F (%) (x” ) h
ry =: = — \Y
or y = sec(x sec 180 we have
dy b4 X7 b4
— = ——secC (—)tan (—)
dx 180 180 180
b4 73
At x = 60 the sl is —(2v3) = ——.
X e slope is 180(\/_) 090
Thus, the normal line has slope — and has equation
90 /3
y=2-— (x — 60).
73
The slope of y = tanx at x = a is sec?a. The tan-
gent there is parallel to y = 2x if sec2a = 2, or

cosa = +1/+/2. The only solutions in (—m/2, 7/2)
are a = *m /4. The corresponding points on the graph
are (r/4,1) and (=7 /4, 1).

The slope of y = tan(2x) at x = a is 2sec?(2a). The
tangent there is normal to y = —x/8 if 2sec?(2a) = 8, or
cos(2a) = +1/2. The only solutions in (—m/4, 7 /4) are
a = *xm/6. The corresponding points on the graph are

(7/6,~/3) and (=7 /6, —/3).

d

I sinx = cosx = 0 at odd multiples of 7 /2.
X

d

—cosx = —sinx = 0 at multiples of 7.
allx
I secx = secx tanx = O at multiples of 7.
X
d
—cscx = —cscx cotx = 0 at odd multiples of 7/2.

X
Thus each of these functions has horizontal tangents at
infinitely many points on its graph.

2

d
— tanx = sec” x = 0 nowhere.

X

2

d
— cotx = —csc” x = 0 nowhere.

X
Thus neither of these functions has a horizontal tangent.

y = x + sinx has a horizontal tangent at x = 7 because
dy/dx =1+ cosx = 0 there.

y = 2x 4 sinx has no horizontal tangents because
dy/dx =2+ cosx > 1 everywhere.

y = x + 2sinx has horizontal tangents at x = 277/3 and
x = 4m/3 because dy/dx = 1 + 2cosx = 0 at those
points.

y = x 4+ 2cosx has horizontal tangents at x = 7 /6 and
x = 5m/6 because dy/dx = 1 — 2sinx = 0 at those
points.

sin(2x) 2 _
cos(2x)

lim sec(1 +cosx) =sec(l — 1) =secO0=1
X—>TT

. tan(2x) .
lim —— = lim
x—0 X x—0 2x

Ix2=2

: 2 : x 2 2
lim x“cscx cotx = lim (—) cosx =1"x1=1
x—0 x—0 \sin x



56.

57.

58.

59.

60.
61.
62.

INSTRUCTOR’S SOLUTIONS MANUAL

. 7 — 7w cos? x . sin x \2

lim cos{ —————— ) = lim cos (—) =cosm = —1
x—0 x2 x—0 X

. l—cosh . 25in2(h/2) .1 [sin(h/2) 2
lim ———— = lim ——— = lim - = —
h—>0  h? h—0 h? h>02\ h/2 2

f will be differentiable at x = 0 if

2sin0 4+ 3cos0 = b, and

=d.
x=0

d
—(2sinx 4 3 cos x)
dx

Thus we need » = 3 and a = 2.

There are infinitely many lines through the origin that
are tangent to y = cosx. The two with largest slope are
shown in the figure.

Yy =cosx
Fig. 2.5.59
The tangent to y = cosx at x = a has equation
y = cosa — (sina)(x — a). This line passes through
the origin if cosa = —asina. We use a calculator with
a “solve” function to find solutions of this equation near
a = —m and a = 27 as suggested in the figure. The

solutions are a ~ —2.798386 and a ~ 6.121250. The
slopes of the corresponding tangents are given by —sina,
so they are 0.336508 and 0.161228 to six decimal places.

1
—A27 + 3(27t3/2 —4r +3)/7

a) As suggested by the figure in the problem,
the square of the length of chord AP is
(1 — cos0)? + (0 — sin0)?, and the square of the
length of arc AP is 62. Hence

(1 + cos 0)2 +sin’6 < 62,

and, since squares cannot be negative, each term in
the sum on the left is less than §2. Therefore

0<|l—cosf| <|0], 0<]|sinf| < |0].
Since limg_, ¢ |#] = 0, the squeeze theorem implies
that

lim1—cosf® =0, limsinf =0.
6—0 6—0

From the first of these, limg_,gcos6 = 1.

SECTION 2.6 (PAGE 131)

b) Using the result of (a) and the addition formulas for
cosine and sine we obtain

}}in%) cos(Bp + h) = }}irr})(cos 6o cosh — sinfgy sin h) = cos by

}}in}) sin(fg + h) = ;}in})(sin 6y cos h + cos by sin h) = sin 6.

This says that cosine and sine are continuous at any
point 6p.

Section 2.6 The Mean-Value Theorem
(page 131)

f)y=x* f(x)=2x
2 2
praPm@ _ IO~ f@
b—a b—a
= f'(c) = 2¢ =>c=b;a
1 1
If f(x)=—, and f'(x) = —— then
X X
fQ-fm_1r - 11
T oo T Ty T asle

where ¢ = +/2 lies between 1 and 2.

f)=x3=3x+1, f/(x) =3x2-3,a=-2,b=2
fb) - fl@  f2)— f(=2)
b—a - 4
8—6+1—(—8+6+1)
4

4
= - = 1
4
fl(c)=3c*-3
2 2 2
3¢cc-3=1=23c"=4=>c=%+—
(Both points will be in (-2, 2).)

If f(x) = cosx + (x2/2), then f/(x) = x — sinx > 0
for x > 0. By the MVT, if x > 0, then

fx) — f(0) = f'(c)(x — 0) for some ¢ > 0, so
f(x) > f(©) = 1. Thus cosx + (x2/2) > 1 and
cosx > 1 — (x2/2) for x > 0. Since both sides of
the inequality are even functions, it must hold for x < 0
as well.

Let f(x) =tanx. If 0 < x < 7/2, then by the MVT
f(x)— f(0) = f'(c)(x — 0) for some c in (0, /2).
Thus tanx = x sec’ ¢ > X, since secc > 1.

Let f(x) =(1 +x)" —1—rx where r > 1.

Then f'(x) =r(1 +x)""! —r.

If -1 <x <O0then f/(x) <0;if x >0, then f/(x) > 0.
Thus f(x) > f(0)=0if -1 <x <Oorx>0.

Thus (1 +x)" > 14+rxif =1 <x <O0orx > 0.
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a) Att =5, water volume is changing at rate

dv

= —700020 — ¢
7 ( )

t=5

= —10, 500.
t=5

Water is draining out at 10,500 L/min at that time.
At t = 15, water volume is changing at rate

dv

= —700(20 — ¢
7 ( )

t=15

= —3, 500.

t=15

Water is draining out at 3,500 L/min at that time.

b) Average rate of change between r = 5 and r = 15 is

Va5 —ve) _350x@5-225) _ 00
15-5 10

The average rate of draining is 7,000 L/min over that
interval.

Flow rate F = kr*, so AF =~ 4kr3 Ar. If AF = F/10,

then
F krt

Ar~ —  — —

"7 40k T 40k

The flow rate will increase by 10% if the radius is in-
creased by about 2.5%.

= 0.025r.

F = k/r? implies that d F/dr = —2k/r>. Since
dF/dr = 1 pound/mi when r = 4,000 mi, we have
2k = 4,000°. If r = 8,000, we have

dF/dr = —(4,000/8,000)> = —1/8. At r = 8,000
mi F decreases with respect to r at a rate of 1/8
pounds/mi.

If price = $p, then revenue is $R = 4, 000p — 10p%.

a) Sensitivity of R to p is dR/dp = 4,000 — 20p. If
p = 100, 200, and 300, this sensitivity is 2,000 $/$,
0 $/$, and —2,000 $/$ respectively.

b) The distributor should charge $200. This maximizes
the revenue.

Cost is $C(x) = 8,000 + 400x — 0.5x2 if x units are
manufactured.

a) Marginal cost if x = 100 is
C’(100) = 400 — 100 = $300.

b) C(101) — C(100) = 43,299.50 — 43,000 = $299.50
which is approximately C’(100).

Daily profit if production is x sheets per day is $P(x)
where
P(x) = 8x — 0.005x% — 1, 000.

a) Marginal profit P'(x) = 8 — 0.01x. This is positive
if x < 800 and negative if x > 800.
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b) To maximize daily profit, production should be 800

sheets/day.
80, 000 n?
= +4n 4+ —
n
dCc 80,000 4t n
dn ~ n? 50°
(e .
(a) n = 100, an = —2. Thus, the marginal cost of
n
production is —$2.
dcC 82 .
(b) n = 300, Tn = ) ~ 9.11. Thus, the marginal cost
n

of production is approximately $9.11.

2
Daily profit P = 13x — Cx = 13x — 10x — 20 — ——
1000
2

=3x—20— —

Graph of P is a parabola opening downward. P will be
maximum where the slope is zero:

_dP_ 2x

0= — —3_—
dx 1000

so x = 1500

Should extract 1500 tonnes of ore per day to maximize
profit.

One of the components comprising C(x) is usually a
fixed cost, $S, for setting up the manufacturing opera-
tion. On a per item basis, this fixed cost $S/x, decreases
as the number x of items produced increases, especially
when x is small. However, for large x other components
of the total cost may increase on a per unit basis, for
instance labour costs when overtime is required or main-

tenance costs for machinery when it is over used.

cw

Let the average cost be A(x) = . The minimal av-

X
erage cost occurs at point where the graph of A(x) has a
horizontal tangent:

dA . xC'(x) — C(x)
dx ~ x2 ’

/ / C)
Hence, xC'(x) — C(x) = 0 = C'(x) = = A().

Thus the marginal cost C’(x) equals the average cost at
the minimizing value of x.

If y = Cp™", then the elasticity of y is

d
SPE P hyeprt =
y dp Cp™
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Section 2.8 Higher-Order Derivatives 12.

(page 140)

y=03-2x’

y' = —14(3 — 2x)°
y" =168(3 — 2x)°
V" = —1680(3 — 2x)*

1 2 13
2 " .
= _—— e 2 —_——
Y o X Y X3
1 6
’ " __
vy =2x+ x_2 = x—4
6
=—— _=6(x-172
YEG D2 (x=1
y =—-12x —1)73
V' =36(x—1)"*
V" = —144(x — 1)
\/— ” az
= b = -
Y ax;— Y 4(ax + b)3/?
e SN
Y T Bax + by 14.
y=xA_ 13
1 1
y = §x72/3 n §x74/3
2 4
nm_ _Z.-5/3 _ " =1/3
Y=ot 9"
V= Ex—S/z §x—10/3
27 27
y= x10 428 y' = 90x® + 112x°

y =10x" 4 16x7 y" =720x" + 672x°
y=x2+3)/x =x? 4+ 3x!/2

Y = §x3/2 n §x71/2

2 2
V= Boap_3 ap
4 4
y/// — Ex—l/Z 4 gx—s/z
8 8 15.
_x—1 v 4
YT YT a2
y/ — 2 y/// — 12
(x +1)2 (x + D4
y =tanx y" = 2sec? x tan x
y =sec?x y" =2sec* x +4sec’ x tan’ x
y =secx y" = secx tan” x + sec’ x

!/

y' =secxtanx " =gecxtan’ x 4 5sec’ x tanx

y= cos(xz)

!’

= —2sin(x?) — 4x2 cos(x?)
Y = _

"
y
2xsin(x?)  y"” = —12x cos(x?) + 8x° sin(x?)

SECTION 2.8 (PAGE 140)

sin x
y= -
'x .
, cosx sinx
y = - 2
X X
p 2= x?)sinx  2cosx
- x3 T x2
w_ (6— x¥cosx  3(x%—2)sinx
N x3 x4
1 -1
f)y=—-=x
X
o) =—x7?
fre =2

f///(x) — _3!x—4
P =4
Guess: f™(x) = (—1)"nlx~ 0D (%)
Proof: (*) is valid for n = 1 (and 2, 3, 4).
Assume f®(x) = (=DFklx~* D for some k > 1

Then f&+D(x) = (—l)kk!(—(k + 1))x*<k+1>*1
= (=D (k + DIx~ DD which is (%) for n = k + 1.
Therefore, (*) holds for n = 1,2, 3, ... by induction.

1 _
fo)=—=x7"

fl(x) = —2x73

F(x) = =2(=3)x~* =31~

FO() = =2(=3)(—4x~> = —41x7
Conjecture:

FOW = (=D"n+ DD forn=1,23,...

Proof: Evidently, the above formula holds for n = 1, 2
and 3. Assume it holds for n =k,
e, fO@) = (=DFk + 1Dx~*+2  Then

f(k+1)(x) — if(k)(x)
dx
= (=D*k + DI[(=D(k + 2)]x~*+D-1
= (=D} (k + 2) LxLHDH2L,

Thus, the formula is also true for n = k + 1. Hence it is
true for n =1, 2, 3, ... by induction.

fx) = ﬁ =2-x0""!

@ =+2-x7
)y =22-x)"3
F"(x) = 4312 —x) ™
Guess: f™(x) =n!@2 —x)""tD (%)
Proof: (*) holds for n =1, 2, 3.
Assume f®(x) = k12 — x)~*+D (e, (*) holds for
n==k)
Then f*+D(x) = k!(—(k 1)@ — x)~ kD1 (—1))
=k+ 12— x)—((k+1)+1)_
Thus (*) holds for n = k 4+ 1 if it holds for k.
Therefore, (*) holds for n = 1,2, 3, ... by induction.
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O = 3= (=372
Conjecture:

R. A. ADAMS: CALCULUS

Then,

f(k+1)(x) _ j_xf(k) x)
(1 1473k =5) [—(3k - 2)} k)3

3k 3

EPYSRNCEE 147 Gk=5Bk+ 1D =51 _3us-23

(1-3-5---2n — 3)x7(2”71)/2

fP0) =" -

(n > 2).

Proof: Evidently, the above formula holds for n = 2,3
and 4. Assume that it holds for n =k, i.e.

3k +1)

Thus, the formula is also true for n = k + 1. Hence, it is
true for n > 2 by induction.

19. f(x) = cos(ax)
PN
f(k)(x) (! 1-3-5---(2k — 3)x_(2k‘1)/2 . f'(x) = —asin(ax)
: 2k ' f"(x) = —a*” cos(ax)
" _ 3.
Then f7(x) = a’ sin(ax)
f(4) x) = at cos(ax) = a4f(x)
FOHD () = a 5 (0 It follows that £ (x) = a* f#~¥ (x) for n > 4, and
dx
_ (—l)k_l 1-3.5---(2k—3) ) —(2k—-1) k=211 a”" cos(ax) if n =4k
2k 2 £ () = —a"sin(ax) ifn=4k+1 h=0.1.2 ..
Ut—11:3-5--- @k = DK +1) =31 _pgesn-112 —a” cos(ax) if n =4k +2 S
=D pTEs x : a"sin(ax)  if n = 4k + 3
Thus, the formula is also true for n = k + 1. Hence, it is Differentiating any of these four formulas produces the
true for n > 2 by induction. one for the next higher value of n, so induction confirms
the overall formula.
_ _ -1
f(x)—a+bx—(a—|—bx) 20. f(x) =xcosx
F'(x) = —b(a + bx)2 f'(x) = cosx — xsinx
£ (x) = 2b%(a + bx) "3 f’(x) = —2sinx — x cos x
£7(x) = —31b3(a + bx)™ f”(x) = —3cosx + xsinx
Guess: f(”)(x) = (=D)"n!b"(a + bx)~"*tD (%) f(4)(x) =4sinx 4+ xcosx
Proof: (*) holds for n = 1,2, 3 This suggests the formula (for k =0, 1, 2, ...)
Assume (*) holds for n = k: . .
f(k) (x) = (_l)kk,bk(a + bx)—(k+l) nsinx 4+ x cosx if n =4k
Then ' F(y = | noosx —xsinx - ifn=4k+1
(k+1) = (=1 kk'bk(_ k 1 ) b —(k+1)—1 b —nsinx — X COS X 1fn=4k+2
f @)= (k+1)@+bx) ®) —ncosx +xsinx ifn=4k+3
= (=D ke + D (@ + b EFDFD
So (*¥) holds for n = k + 1 if it holds for n = k. Differentiating any of these four formulas produces the
Therefore, (*) holds for n = 1,2, 3,4, ... by induction. one for the next higher value of n, so induction confirms
the overall formula.
[0 =22
"(x) = 2x~1/3 21. (x) = x sin(ax)
S 37X

fr@) =3 =pa?

f0) =3

Conjecture:

W) =21t 1-4-7 3n Bn — S)x*(3n72)/3
n>2.

Proof: Evidently, the above formula holds for n = 2 and
3. Assume that it holds for n =k, i.e.

for

et 1-4.7--- Gk — S)x‘(3k‘2)/3.

FPw) =2(-1 =

62

f'(x) = sin(ax) + ax cos(ax)
F"(x) = 2a cos(ax) — a’x sin(ax)
F"(x) = —3a’ sin(ax) — a’x cos(ax)

F¥(x) = —4d> cos(ax) + a*x sin(ax)
This suggests the formula

—na"!cos(ax) + a"x sin(ax) if n = 4k
f(”)(x) _ na" ! sin(ax) + a"x cos(ax) if n =4k +1

na"~! cos(ax) — a"x sin(ax) if n =4k +2

—na"lsin(ax) — a"x cos(ax) if n =4k +3
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for k = 0, 1, 2, .... Differentiating any of these four
formulas produces the one for the next higher value of n,
so induction confirms the overall formula.

1 d
f(x) = — = |x|~'. Recall that —|x| = sgnx, so
[x] dx

f(x) = —|x| Zsgn.x.

If x # 0 we have
d 2
—sgnx =0 and (sgnx) =1.
dx

Thus we can calculate successive derivatives of f using
the product rule where necessary, but will get only one
nonzero term in each case:
F60) = 21x 7 (sgnx)? = 2px|
FO ) = =3!x| *sgnx
P = 41x7>.
The pattern suggests that

£ (x) = —nllx|"*Dsgnx if n is odd
: nllx|~ D if n is even

Differentiating this formula leads to the same formula
with n replaced by n + 1 so the formula is valid for all
n > 1 by induction.

fx)=+1T=3x=(01-3x)"?2
/ 1 —1/2
fleo =730 =30 /

2

" _l _l _E _2\3¢1 _ =5/2
f (X)—z( 2)( 2)( 3)7(1 = 3x)

1 1 3 5
4) N _ - _ - _ 24 _ 7/2
f (x)—z( 2)( 2)( 2)( 3*1 -3

I x3x5x%x--- 2n —3
Guess: f®(x) = — XXX x @n )3”

n

fx) = ! (—%) (—=3)%(1 = 3x)73/2

(1=3x)~@=D72 ()
Proof: (*) is valid for n = 2, 3,4, (but not n = 1)
Assume (*) holds for n = k for some integer k > 2
e f0(x) = —1X3X3 X @k~ 3) 3
(1 = 3x)~Ck=D/2

Then f(kH)(x) _ _1 x3x5 ><2k X (2k—3)3k

(_ 2(k2— 1)) (1 — 3x)~@=D/2-1(_3)

1><3><5><~~~(2(k+1)—1)
o k+1
(1 — 3x)~@k+D=D/2
Thus (*) holds for n = k + 1 if it holds for n = k.
Therefore, (*) holds for n = 2, 3,4, ... by induction.

3k+1
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If y = tan(kx), then y’ = k sec?(kx) and

y' = 2kzsecz(kx)tan(kx)
= 2k>(1 + tan® (kx)) tan(kx) = 2k>y(1 + y?).

If y = sec(kx), then y’ = k sec(kx) tan(kx) and

y" = k*(sec? (kx) tan? (kx) + sec’ (kx))
=k2y@2sec?(kx) — 1) = k2 y(2y> — 1).

To be proved: if f(x) = sin(ax + b), then

if n =2k

(n) _ (=D*a" sin(ax + b)
f (x)_{ ifn=2%k+1

(—=D)*a" cos(ax + b)

for k=0, 1, 2, ... Proof: The formula works for k =0
m=2x0=0andn=2x04+1=1):

FO%) = F(x) = (=% sin(ax + b) = sin(ax + b)
FDx) = f/(x) = (—=1)%" cos(ax + b) = acos(ax + b)

Now assume the formula holds for some k£ > 0.
If n =2(k+1), then

F ) = by = ke
dx dx
d

= I ((—I)kaZkJrl cos(ax + b))

= (=162 gin(ax + b)

and if n =2(k+1) + 1 = 2k 4 3, then

d
f(n) (x) = d_ ((_1)k+1a2k+2 sin(ax + b)
X
= (= D)1 a3 cos(ax + b).
Thus the formula also holds for & + 1. Therefore it holds

for all positive integers k by induction.

If y = tanx, then
y =sec?x=1+tan’x =1+ y> = Py(y),

where P, is a polynomial of degree 2. Assume that

y™ = P,.1(y) where P,,1 is a polynomial of degree
n + 1. The derivative of any polynomial is a polynomial
of one lower degree, so

d dy

YO = =P () = Pa) 7~ = Pa0) (1457 = Pasa (),
dx dx

a polynomial of degree n + 2. By induction,
(d/dx)"tanx = P,ii(tanx), a polynomial of degree
n+1in tanx.
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(fe)" ' =(f'e+reh=f"es+r'e+re+rs
=f"g+2f'¢ + f¢"

d
(f2)Y = —(f8)"
d
= LM 218+ f8
= f(3)g + g +2f" +2f " + flg + fg(3)
= f(3)g_|_3f//g/ +3fg" + fg(3).
d
(/2 =—(fo
d
= Ve +3f"¢ +3f'8" + fg)
= f(4)g_|_ f(3)g/ + 3f(3)g/ _|_3f//g// + 3f//g//
+3f/g(3) +f/g(3) +fg(4)

=Yg +afV +of"e" +4f'g% + £,
n! f(n72) "

(n) _ £ — 1o
(f8) e +nfn—1)g +2!(n_2)!. g
n!
T g g g g
n 0!
_ ! (=) 56
; -l ¢

Let a, b, and ¢ be three points in / where f vanishes;
that is, f(a) = f(b) = f(c) = 0. Suppose a < b < c.
By the Mean-Value Theorem, there exist points r in

(a, b) and s in (b, ¢) such that f'(r) = f'(s) = 0. By
the Mean-Value Theorem applied to f’ on [r, s], there
is some point ¢ in (r, s) (and therefore in 7) such that

f"@® =0.

If £ exists on interval I and f vanishes at n + 1 dis-
tinct points of 7, then f vanishes at at least one point
of I.

Proof: True for n = 2 by Exercise 8.

Assume true for n = k. (Induction hypothesis)

Suppose n = k + 1, i.e., f vanishes at k 4+ 2 points of [
and f&D exists.

By Exercise 7, f’ vanishes at k 4+ 1 points of 1.

By the induction hypothesis, f**+D = (f)® vanishes at
a point of [ so the statement is true for n = k + 1.
Therefore the statement is true for all n > 2 by induction.
(case n =1 is just MVT.)

Given that f(0) = f(1) =0 and f(2) = 1:
a) By MVT,
f@Q -0 1-0 1

f@=—=—"=30"2

for some a in (0, 2).
b) By MVT, for some r in (0, 1),

fFH-fO _0-0_

1-0 ~1-0 0

)=
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Also, for some s in (1, 2),

f@Q-f) 10

f'o) = =5

Then, by MVT applied to f’ on the interval [r, s],

for some b in (r, s),

) =

—r

1

S —r

since s —r < 2.

¢) Since f”(x) exists on [0, 2], therefore f’(x) is con-
tinuous there. Since f'(r) = 0 and f'(s) = 1, and
< 1, the Intermediate-Value Theorem

since 0 < %

assures us that f/(c) = % for some ¢ between r and

S.

Section 2.9
(page 145)

xy—x+2y=1
Differentiate with respect to x:
y+xy —142y =0

1—

Thus y' = Y
24+ x

x3_|_y3:1

2

3x2+3y2y =0,s0 y = —x—z.
y

x2 4+ Xy = y3
Differentiate with respect to x:
2x +y +xy =3y%y

_ 2x +y
3y2 —x
Xy +xy’ =2

3x2y +x3y/ + yS + 5xy4y’ -0
Y = —3x2y — y5
x3 4+ 5xy*

x2y3=2x—y
2xy3 + 3x2y2y/ =2—y
22— 2xy3
T 3x2y2 41

!/

y

24y —-1*=4
2x +8(y — 1)y’ =0,s0 y =

1

> -
2

X

fl&) = 1) _1-0
N

Ss—=r

Implicit Differentiation

41 —y)

1.
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X+y y y
Thus )cy—y2 =x3 +x2y+xy+y2, or x34+x2y4+2y2=0
Differentiate with respect to x:
3x2 4+ 2xy 4+ x2y +4yy =0
3x% + 2xy
x2+4y

!/

y:

xXJ/x+y=8—xy
1
JSiFy+trx——A+y)=—-y—xy
y 2\/m( y)=—-y—xy
20+ ) +x(1+y) = 2/xFy0 +xy)

y,__3x—|—2y+2y~/x+y

xX+2x/x+y
2x24+3y2 =5
4x +6yy' =0
2
At (1,1): 4+6Y =0,y =—-

3
2
Tangent line: y — 1 = —g(x —Dor2x+3y=>5

X2y3 —X3y2 =12

2xy3 +3x2y2y" —3x2y2 —2x3yy =0

At (—1,2): =16+ 12y’ — 12 + 4y’ = 0, so the slope is
12416 28 7

1244 16 47

Thus, the equation of the tangent line is

y=2+Z(x+1),or 7x —4y + 15 =0.

/

X (1)3 _5
y X
x4yt =223y

4x3 +4y3y = 6x%y 4 2x3y

at (—1,—-1): —4—4y = —-6-2y’

2y =2,y =1

Tangent line: y+1=1(x+1) or y = x.

2

x+2y+1= Y
x—1 )
(x = D2yy" —y=(D)
142y =
2 C-17

At (2, —1) we have 1 +2y' = —2y — 1 so y/ = —1.
Thus, the equation of the tangent is
y=-1-1(x—-2),0orx+2y=0.

2x 4+ y — /2sin(xy) = /2

24y = V2cos(xy)(y + xy') =0

At (m/4,1): 24+ y — (1 + (w/4)y’) = 0,s0
y' = —4/(4 — ). The tangent has equation

4i‘n(x_%)'

14.
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tan(xy?) = (2/m)xy

(sec?(xy?) (y? + 2xyy) = (2/7)(y + xy").

At (=, 1/2): 2((1/4) —my") = (/7)) — 2y, so

y = (r —2)/(@nr(w — 1)). The tangent has equation

1 T

-2
y=§+ (x + 7).

dr(mr — 1)

xsin(xy —y2) =x2—1

sin(xy — y%) + x(cos(xy — y2))(y + xy’ — 2yy’) = 2x.

At (1,1): 0+(1)(1)(1—y") =2, so y' = —1. The tangent
has equation y=1—(x — 1), or y =2 — x.

Ty x2 17
cos (—) =— - —

X y 2
[ .(ﬂy>] mxy —y)  2xy—x?y
—sin [ — = .
2 32
373y — 1
AL 3, 1): —% % —6-9y,

so y = (108 — +/37)/(162 — 3+/37). The tangent has
equation
108 — /37
=14+ ——x—-3).
Y 162 — 3437

Xy=x-+Yy

yaxy =14y sy =21
1—x

y/+y/+xy//:y//

2y 2(y—1D

l—x  (1—x)?

Therefore, y” =

x24+4y2 =4, 2x+8yy =0, 2+8()2+8yy"=0.

Thus, y' = ;_x and
y

p_ 228007 1 2 A4y - 1
8y 4y l6y3 l6y3 4y3'
By =g
1 —3x2
3 2 2vy + 3 2y — 1 r_
x yy' +3y%y =y -2y
6x —2(y")* = 2yy" + 6y(y)* +3y*y" =0
(1 = 3x%)2
2-6y)———— "~ —6x
,_@-epo-6 GGy
3y2 -2y 3y2 -2y
_2—6y)(1 —3x%)? 6x
o (Byr—2y) 3y2—2y
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20.

21.

22,

23.

24.

25.

26.

SECTION 2.9 (PAGE 145)

B =3xy+yi=1

3x2 =3y —3xy' +3y%y' =0

6x — 3y — 3y —3xy" + 6y(y)?> +3y*y" =0
Thus
y/ _ y —x?
y:—x
y// — —2x + 2_)7/ - 2Y(y/)2

y2—x
2 .2 N2
s () () ]
yo—=x yo=x yo=x

2 —2xy Ay
2 =x 02 -0 ] =y

24yy2=g?

2x +2yy'=0sox+yy'=0and y = —=
1+ y'y +yy”"=0s0

X
14+ =
y,,=_1+(y/)2 _
y y
B y2 _|_x2 B aZ
¥3 »3
Ax?>+By*=C
A
2Ax +2Byy' =0=y = el
By
2A +2B(y")? +2Byy” =0.
Thus,
B (Ax>2
y// _ —A-— B(y/)z _ By
By By
_ —ABy’+ Ax?)  AC
BZy3 - 32y3'

Maple gives O for the value.

. 206
Maple gives the slope as 55

Maple gives the value —26.

855, 000

Maple gives the value —————.
aple gives the value 371,293

66

27.

28.

29.

R. A. ADAMS: CALCULUS

Ellipse: x2 +2y> =2

2x +4yy/ =0
X

2y
Hyperbola: 2x% — 2y2 =1

4x —4yy' =0
Slope of hyperbola: y}, =

Slope of ellipse: y, = —

<=

x24+2y?=2

At intersection points
P { w222 =1

N —

3x2=3 sox2=1,y2=
2
X x x
Thus vy, = ——=- = ——— = —1
VEYH T Ty y T Ty
Therefore the curves intersect at right angles.
2 2

The slope of the ellipse x_2 + Yo is found from
a b?

2x 2y N ) , b2x

—+ -5y =0, ie. y=——5.

7+ b2 ie. y 2y

)C2 2

Similarly, the slope of the hyperbola Yo i

(x, y) satisfies

2x 2y V' =0, or ,_Bzx
a2 gy T Y Ty

If the point (x, y) is an intersection of the two curves,

then
X2 yz X2 yz

2t TR,

(1 1 (1 1
e a)m\ET )

x2 b* + B? A%q?

T T

Since a*> — b> = A% + B2, therefore B? + b? = a®> — A?,
%2 A242

and — = Thus, the product of the slope of the
y B2p2°

two curves at (x, y) is
_Px B VB Ala?
a’y AZy a?A?  B2p?
Therefore, the curves intersect at right angles.
If z = tan(x/2), then
1 = sec (x/2) l d_x = 1+ tan"x/2) +tar;2(x/2) fl_)zc = I_ZZ Z)ZC

Thus dx/dz = 2/(1 +272). Also

cosx = 2cos>(x/2) —

T sect(x/2)
2 1=2
T 1422 T 1422
2tan(x/2) 2z

sinx = 2sin(x/2) cos(x/2) =

1 +tan2(x/2) 1422



30.

=

0

il

gl

»n

X

o

©

10.

11.

12.

13.

INSTRUCTOR’S SOLUTIONS MANUAL

X — X
> =" +lexy—y =xr+xy+xy+)?
x+y 'y

<:>x2+2y2+xy=0
Differentiate with respect to x:

y/=_2x+y
4y +x°

2x+4yy' +y+xy'=0 =
However, since x> + 2y> 4+ xy = 0 can be written

1 2 ; 2 Y2 ; 2
Z Zy2 =0, z Zy2 =0,
XXy 1y 1y or (x 2) 1y

the only solution is x = 0, y = 0, and these values do not
satisfy the original equation. There are no points on the
given curve.

Section 2.10 Antiderivatives and
Initial-Value Problems (page 151)

/5dx:5x—|—C

2 1
/x dx—3x

2
/ﬁdx = gx3/2+c

S+cC

/xlzdx=%x13+c
/x3dx=lx4+C
4
X2
(x—i—cosx)dx:;—i—sinx—i—c
/tanxcosxdx:/sinxdx:—cosx+C
1+ cos?
/ C(Z)S xd
CO8” X

1
/(az—xz)dx = a?x — §x3—|—C

x = /(sec2 x+4cosx)dx = tanx+sinx+C

B C
/(A+Bx+Cx2)dx:Ax+5x2+§x3+[(

4 9
/(Z)cl/2 +3xPdx = 5x3/2 + Zx4/3 +C
6
/de = /(6x_1/3 6x_4/3)dx
x
= p1sx P4

x3 x2
/(?‘7”‘

1 1 1
1) dx:ﬁx4—gx3+§x2—x+C

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

SECTION 2.10 (PAGE 151)

105/(1+12+t4+z6)dt

=105+ i+ i+ L)+ C
= 105¢ + 35¢3 +21t +15t" +C

1
/cos(Zx) dx = 3 sin(2x) + C

/Sin (%) dx = —2cos (%) +C

/ x _ 1 ‘c
1+x)2 " 1+4x

/sec(l —x)tan(l —x)dx = —sec(1 —x)+ C

1
/«/Zx +3dx = 2 +33?%+cC

d
Since —+/x +1 therefore

1
dx NS
/ L 8Vx +1+C
——dadX = X .
Vx4 1
/2x sin(x?) dx = — cos(x?) + C

therefore

d X
Since —vx2+ 1= —,
dx ,/x2+1

2x
————dx =2Vx2+1+4C.
/«/xz—i-l
tan xdx—/(sec x—1)dx =tanx —x + C

1 1
sinx cosx dx = / 5 sin(2x) dx = ~Z cos(2x) + C

/cos xdx_/mdxzf—i—

sin(2x)
C
2 2 4 +
1 — cos(2x) _x sin(2x)
sin xdx—/fdx—z— 7 +C

1
y=x-2 :>y:§x2—2x+C

y(O)_3 = 3 =0+ C therefore C =3
Thus y = = 2 2 _2x 43 for all x.
Given that
y/ — x72 _ x73
y=1)=0

67



10.

11.

12.

13.

14.

15.

SECTION 5.1 (PAGE 278)

CHAPTER 5. INTEGRATION

Section 5.1 Sums and Sigma Notation

(page 278)
4

Zi3:13+23+33+43

j —1+2+3+ +100
j+1 72 3 4 101

Y3 =343+3 4. 43

(_l)nfl
i+1 R T A

—2)2 2 "2 2
S0-2 1222 3
2149 2
j_lﬁ—n3+§+3+- + =

5+6+7+8+9=> i
i=5
200
-4 2 (200 terms) equals 22
i=1

99
_ Z(_l)iiZ
i=2

100
-+ 100x% = Z ix'”

24242+
1+ 2x +3x2 + 43 + -

T+x+x2 450+

n
_+xn_§ :xi

i=0

2n
_ Z(_l)ixi

i=0

l—x4+x2—x3 4. x>

1 1 (1)"1 (l)ll
1__ - — . =
4+9 n? Z
L 2 3, 4 iy
2 4 8 16 2n 21

i=1
100

Zsm} = Zsm(z -1

176

(- 1)” on
(n—2)?

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

27.

28.

R. A. ADAMS: CALCULUS

m 1 m+6 1

ZeriT X et

k=-5

Z(i2+2i) _ nn+1D)Q2n+1) +2n(n +1) _

“ 6 2
i=1

1,000

2(2/ +3) =

2(1, 000)(1 001)

Z(n Ll) —3n

T —1

2 — —n(n +1D2n+1)

n
Z(zl _ 12) — 2n+1
i=1

n
Zlnm=1n1+1n2+m+1nn=1n(n!)

m=1

e(llJrl)/n -1

n
ifn 2

6

+ 3,000 = 1, 004, 000

242+ ---+2 (200 terms) equals 400
1 —
1+x+x2+--~+x"={ﬁ ifx #1
n—+1 ifx=1
1+x2n+1 )
1—x+x2—x3+---+x2’1={ﬁ if x # —1
2n+1 if x =—1
2 oo _ X — 1.
Let f(x) =1+x4+x"4+---+x" = if x # 1.
Then
Fl(x) =14 2x +3x2+ - +100x”
_d x' =1 100x'" — 101x!%0 4 1
dx x—1 — (x —1)2
22 —3% 4% — 5% ... 4982 — 997
49 49
= Z[(zk)2 — 2k + 1))=Y [4k* —4k> — 4k — 1]

k=1

49 x 50
:—Z[4k+1]_— X7 49 — —4,949

1 2 3 n
Lets=—-+4+—-+4+—-+4---4+ —. Then

27473 2
s_L,2.3 o on
2478716 2t

nn+1)Q2n+17)



29.

30.

31.

32,

33.

34.

INSTRUCTOR’S SOLUTIONS MANUAL

Subtracting these two sums, we get

s_1+1+1+ +1 n
272 48 on ntl
11— n

T2 1-(1/2) o+l

_ n+2

- _211+1'

Thus s =2+ (n +2)/2".

n

S (ri+n-ro) Z Fi+1) -~ Z £)

i=m i=m

n+1
= > f(/)—Zf(z)
j=m+1 i=m

=fn+1— fim),
because each sum has only one term that is not cancelled
by a term in the other sum. It is called “telescoping”
because the sum “folds up” to a sum involving only part
of the first and last terms.

=10, 000

10
Z(n4 —(n—1D*=10* -0
n=1

m
Y@ -2y = —20=2"—1

Zl 1\ 1 1 m+1
—~\i i+l “m 2m+1 mQCm+1)

Emm > (G-

j=1

The number of small shaded squares is 1 +2 + --- + n.
Since each has area 1, the total area shaded is Z?:l i.
But this area consists of a large right-angled triangle of
area n2/2 (below the diagonal), and n small triangles
(above the diagonal) each of area 1/2. Equating these
areas, we get

i,_n2+ 1 n(n+1)
1—2 n2— 2 .

36.

SECTION 5.1 (PAGE 278)

Fig. 5.1.34

To show that
Z _ n(n + 1)

we write n copies of the identity

k+ D2 =k =2k +1,

one for each k from 1 to n:

2 _12=2()+1
32-22=22)+1
42 -32=23)+1

n+D*—n*>=2n)+1.

Adding the left and right sides of these formulas we get

n+1*—1

n
2 =2Zi+n.
i=1

nn+1)

1
Hence, Z;lzlizi(n2+2n+l—l—n): 3

The formula Y 7_,i = n(n + 1)/2 holds for n = 1, since
it says 1 = 1 in this case. Now assume that it holds for

n = some number k > 1; that is, ZLI i = k(k+ 1)/2.

Then for n = k + 1, we have

k+1

Zz _ZH—(k—H)— )+(k+1):W'

Thus the formula also holds for n = k 4+ 1. By induction,
it holds for all positive integers n.

177



SECTION 5.1 (PAGE 278)

37. The formula Y!_,i®> = n(n + 1)(2n + 1)/6 holds for
n = 1, since it says 1 = 1 in this case. Now assume that
it holds for n = some number k > 1; that is,
S i% = k(k + 1)(2k + 1)/6. Then for n = k + 1, we
have

k+1 k
doit=> it k+1)°
i=1 i=1

k(k +1)2k + 1)
- 6
1[2k2+k+6k+6]

+ (k+1)?
_k+

- ki(k + )2k +3)

_ (k +D(Gk+D+DQE+D+1)
= G .

Thus the formula also holds for n = k + 1. By induction,
it holds for all positive integers n.

38. The formula Y7, ri=! = (" — 1)/(r — 1) (for r # 1)
holds for n = 1, since it says 1 = 1 in this case. Now
assume that it holds for » = some number k£ > 1; that is,
Sk r=l = (k= 1)/ — 1). Then for n = k + 1, we
have

k+1 k rk _1 r

2 rtfl — 2 rtfl +rk — _|_rk —

. . r—1 r—1
i=1 i=1

Thus the formula also holds for n = k + 1. By induction,
it holds for all positive integers n.

39,
n
3
2
1 d
l 2 3 o n
Fig. 5.1.39

The L-shaped region with short side i is a square of side
i(i 4+ 1)/2 with a square of side (i — 1)i/2 cut out. Since

(i(i+1))2 ((i - 1)i>2
2 B 2

it 423 i - =28 +i%)
= =1,
4

178

R. A. ADAMS: CALCULUS

that L-shaped region has area i3. The sum of the areas
of the n L-shaped regions is the area of the large square
of side n(n +1)/2, so

n

S (n(n + 1))2
i=1 - 2 .

40. To show that

n
YoiP=r42P 434
j=1

v = ———,

we write n copies of the identity
(+D*—k* =4 +6k% + 4k + 1,
one for each k from 1 to n:

21t =40 +6(1)> +4(1) +1
324 =42 + 622 +42) +1
44 —3* =403 +6(3)* +403) + 1

m+ 1D —n* =4m)’ + 6()> +4(»n) + 1.

Adding the left and right sides of these formulas we get

n n n
m+D* =11 =4> "3 46) j*+4) j+n
j=1 j=1 j=1

n
6 +1)2n+1
—a)y A D

4 1
n(n2+ ) .

Hence,
n

4y P=m+D —1-nn+D@n+1) =20 +1) —n
j=1

=n?(mn+ 1?2

SOZ]

41. The formula 37, i% = n®(n + 1)>/4 holds for n = 1,
since it says 1 = 1 in this case. Now assume that it holds
for n = some number k > 1; that is,

S i3 = k*(k + 1)2/4. Then for n =k + 1, we have

n2(n + 1)2

k+1 k
B MR
i=1 i=1
2 2 2
_ @Hlﬁlf = @[kz%l(k“)]
2
= oy,



42,

(n+ 13 =1

43.

INSTRUCTOR’S SOLUTIONS MANUAL

Thus the formula also holds for n = k 4+ 1. By induction,

it holds for all positive integers n.

To find °7_; j* = 1% +2* +3* + ... 4+ n*, we write n

copies of the identity
(k+1)° —k> = 5k* + 106> + 10k> + 5k + 1,
one for each k from 1 to n:

25— 13 =5(D)* +10(1)° + 101 +5(1) + 1
37 —25 =52)* +102)° +102)> +5(2) + 1
4 —35=53)*+103)° +103)> +53) + 1

n+1° —n’ =5m)* + 10(n)> + 10(n) + 5(n) + 1.

Adding the left and right sides of these formulas we get

Substituting the known formulas for all the sums except
;’:1 j*, and solving for this quantity, gives

n

4 nm+1DQn+1)Gn%+3n—1)
2= 30 '

j=1

Of course we got Maple to do the donkey work!

5.4 1,
Zl_—n—}—n—}—ﬁn—ﬁn

Z clpey L Ly ]
1 n n n —-n —n
2" 6 4

7 7 1
7 SR 2
Z n+n+12n 2 +12

Zg n+n+

We would guess (correctly) that

1
110 _ 'l 4 10
E i —-n -+
2

Section 5.2 Areas as Limits of Sums
(page 284)

The area is the limit of the sum of the areas of the rect-
angles shown in the figure. It is

n n n n
=5) j'H10)_ jF+10) 245 j+n
j=1 j=1 j=1 j=1

SECTION 5.2 (PAGE 284)

A= lim —

n—oo n

1|:3 3x2 3x3 3n]
n n n n

3
lim S (1+2+3++n)
n—oon

. 3 n(n+l)
= lim — - = —sq. units.
n—>00 n 2 2
y A
7(13)
y=3x
123 4 n=l 1 *

n n n n n
Fig. 5.2.1

This is similar to #1; the rectangles now have width
3/n and the ith has height 2(3i /n)+1, the value of 2x+1
at x = 3i/n. The area is

18 1
— lim _M +3 =943 =12sq. units.

n—o00 n2 2

This is similar to #1; the rectangles have width
(3—1)/n =2/n and the ith has height the value of 2x—1
at x = 1+ (2i/n). The area is

A_nlggoz <2+2——1>

= lim —2 E i+—n
n—>00 p< 4 N n
=

8 1
= lim —@ + 2 =4 4 2 = 6sq. units.

n—oo p2

179



SECTION 5.2 (PAGE 284)

This is similar to #1; the rectangles have width
(2 — (—=1))/n = 3/n and the ith has height the value of
3x +4 at x = —1+ (3i/n). The area is

“.3 3i
A:nlggo;;(—3+3;+4)
1=

. 2T, 3

Z,,‘L“;o,,—zzi_l’ﬁ"
27n(n+1) 27 33 .
_nlggoﬁT—i—3_7+3_75q.umts.

The area is the limit of the sum of the areas of the rect-
angles shown in the figure. It is

2 2\? 4\? 2n\?
A= lim — 1+=) +(1+-=-) +---+(14+=
n—-oon n n n

. 2 4 4 8 16
= lim — 1+—+—2+1+—+—2
n—oon n n n n
4n  4n?
+"'+1+—+—2
n n

o 8 nn+1) 8 nn+1)2n+1)
_nlinéo(“ﬁ'TJ’nTT)

8 26
=2+4+ 3= ?sq. units.

2 2n X
a 14+57=3

Fig. 5.2.5

T+

Divide [0, a] into n equal subintervals of length Ax = 4
n

by points x; = E, (0 <i <n). Then
n

> (@)[(%) +1]
_ (%)3 éiz + % éa)

(Use Theorem 1(a) and 1(c).)

Sn

180
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3
_ (g) nn+1)2n + 1) N z(n)
n 6 n
a’(n+1H@2n+1)
=5 a2t

3

Area = lim S, = “ + asq. units.
n—00 3

YA

y:x2+1 7

X1 X2 a X

Fig. 5.2.6

7. The required area is (see the figure)

A= lim —

3 3\?2 3
[(—1+—> +2(—1+—>+3
n—-oon n n
2
6 6
+(—1+—> +2(—1+—)+3
n n
3 3n

12 62 12
Fl1l-=+5-2+—=+3
n n n
6n  9n? 6n
+---+(1——+—2—2+—+3>]
n n n
27 (2 1
— lim (6+_3.M>
n—00 n 6

=6+ 9 = 15sq. units.

y =x242x+3

—1 X
—142 —1+2L=2

n
Fig. 5.2.7

=



INSTRUCTOR’S SOLUTIONS MANUAL SECTION 5.2 (PAGE 284)

\oi

10.
Fig. 5.2.8 ‘ 2 x
The region in question lies between x = —1 and x = 1 A
and is symmetric about the y-axis. We can therefore dou-
ble the area between x = 0 and x = 1. If we divide this y=x>—2x
interval into n equal subintervals of width 1/n and use i

the distance 0 — (x2 — 1) = 1 — x2 between y = 0 and
y = x% — 1 for the heights of rectangles, we find that the
required area is

Fig. 5.2.10

N 0 The height of the region at position x is
A =2 lim Zl (1 _ ’_) 0 — (x2 — 2x) = 2x — x2. The “base” is an interval of
n—ooi—n n? length 2, so we approximate using n rectangles of width
2/n. The shaded area is

12
=2Jim 2 (G-=)
i=

n . )
C/n a4+ D@+ 4 4 , A:nng N _ 4
=2Ilm|(-—————=——]=2—- - == sq. units. H—> 00 n\"n n2
n 6n3 3 i=1

n—0o0

6

n . %)
. 8i 8i
_ IET;OZ} (; s )
=

. 8 n(n+1) 8 nn+1)2n+1)
= lim | —= - —
n—o00 \ n2 2 n3 6

8 4

=4 — - = — sq. units.
3 3

11.
Fig. 5.2.9 .
The height of the region at position x is | y=4x —x2+1

0—(1—x) = x—1. The “base” is an interval of length 2,
so we approximate using n rectangles of width 2/n. The
shaded area is

) 2i 1 A
A:nli?c}o;E(2+7_l> |
1=
n
, 2 4
ZJEF.IO;(;+;>

) 2n nn+1) . % / # # # 4\ X
= nll>rgo (7 + 47) =2+ 2 =4 sq. units. Fig. 52.11

181
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The height of the region at position x is

4x —x2 41 —1 = 4x — x2. The “base” is an interval of
length 4, so we approximate using n rectangles of width

4/n. The shaded area is
4i  16i
o $ ()
, 64i  64i°
nIEE.‘OE (5% -5%)
1=

. (64 nn+1) 64 nn+1)2n+ 1))
= lim — - —
n—oo \ n 2 n3 6
64 2
=32 — — = — sq. units.
3 3

b
12. Divide [0, b] into n equal subintervals of length Ax = —
n

ib
by points x; = —, (0 <i <n). Then
n

n n

=) =R )

i=1 i=1

_ b om Xn:(e(h/n>>i‘l
n

(Use Thm. 6.
_bom >e(/)¢
n e/m — 1
_ b =1
T n e/m) — 1"
b
Letr = —.
n
,

Area = lim S, = (¢” — 1) lim ¢" lim ——
n— 00 -0+ r—0+e" — 1

=’ — D) lim i = ¢? — 1sq. units
- r—0+ e’ - 4 ’

13. The required area is

1.2(d).)

R. A. ADAMS: CALCULUS

Now we can use 1’Hopital’s rule to evaluate

22/n _ 1 0
fim 21 H

lim n(2¥" — 1)

n—o0 n—o0 1 0

n

22/n 12 2
_\nr)

—1
n2
= lim 23/M+n2 = 21n2.

n—o00

= lim
n—oo

Thus the area is 7 square units.

In2

y 4

1 X
2 4 6 2n
_H_E_H_Z_H—Z —1+7:1

Fig. 5.2.13

b\ 2 nb\3
Area= lim — ||-) +(—) +---+|—
n—oon n n n

14.

+ (22/”)"71]

A= lim % [2—1+(2/n) + o= 1+4/n) 4t 2—1+(2n/n)]
n—oon
22//1 2
— lim [1 + (zz/n) + (22/,1) +
n—oo n
22/n (22//1)" —1
= lim P S A—
n—oo n 22/n _ 1

= lim 2%" x 3 x

n— 00 n(22/n — 1)
1
=3 lim (22 1)

182

b4
= lim — (1> +2° +3° +... + 1%
n—oon
TR A U Ve "
_nLOOF f ?Sq units.
y 4
y=x3
77 >
b2 3b (=Db mb_,
n n n n n
Fig. 5.2.14

b 1/n
15. Letr = (—) and let
a

X0 =a, x| =at, x3 =at2,

.., X, =at" =b.



16.

INSTRUCTOR’S SOLUTIONS MANUAL

The i th subinterval [x;_1, x;] has length Ax; =

. 1
at’=l(t —1). Since f(xi_1) = —,
at171

n
: 1
_ —1
Sp = ;all -1 (a[l—_l>

b 1/n
:n(z—l):n[(—) —1].
a

1 b .
Let r = — and ¢ = —. The area under the curve is
n a

we form the sum

. . c"—1 0
A= lim S, = lim —
r=>0+ r 0

n—00

= lim

r—0+ 1

c¢"Inc b .
=Inc=In{— ) square units.
a

This is not surprising because it follows from the defini-
tion of In.

YA
1
y==
X
\
%
a X X2 b
Fig. 5.2.15
Vs
12
y=2(1—-x)
1 x
Fig. 5.2.16

n

’ .

Sp = Z — (1 - l—) represents a sum of areas of n
= n

rectangles each of width 1/n and having heights equal to

the height to the graph y = 2(1 — x) at the points

x = i/n. Thus lim,_~ S, is the area A of the triangle

in the figure above, and therefore has the value 1.

17.

18.

19.

SECTION 5.2 (PAGE 284)

Fig. 5.2.17

n

Sp = Zg (1 — ﬁ) represents a sum of areas of n
= n
rectangles each of width 2/n and having heights equal
to the height to the graph y = 1 — x at the points

x = 2i/n. Half of these rectangles have negative height,
and lim,_ S, is the difference A — Ay of the areas of
the two triangles in the figure above. It has the value O

since the two triangles have the same area.

43 1 3i
Sy = ; a2 = ; ;. (2 + n) represents a sum
of areas of n rectangles each of width 1/n and having
heights equal to the height to the graph y = 2 4 3x at
the points x = i/n. Thus lim,—~ S, is the area of the
trapezoid in the figure above, and has the value
12+5)/2="1/2.

n N2
1 J
Sy = — 1= =
=2 )
j=1
= sum of areas of rectangles in the figure.

Thus the limit of S, is the area of a quarter circle of unit
radius:

lim §, =~
n—00 4
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y 4
y=a/1-x2
>
2 n—l 1
n n n n
Fig. 5.2.19

Section 5.3 The Definite Integral
(page 290)

f@x)=xon[0,2], n=8.
113537
Pg=10,—-, -, -1, -, -, -, 1
42474724
L=l a3 22 T
8T 4727% 47274 1
78 P R U S BV U S |
e 8§ 47273 47271 %

f(x)=x%on[0,4], n=4.

L(f. Py) = (?) [0+ 1+ @ + )] = 14.

U(f. Py) = (?) [(D? + @ + 3 + @71 = 30.

f(x)=¢" on [-2,2], n=4.

4
1
L P)=1(24e '+l tely= 2L " ~am
eZ(e —1)
4_
U(f, Py =1+ el 463 =2 ~ 11.48.
e(e—1)

f(&x)=Inxon[1,2], n=>5.

L(f, P5) = (E> [lnl+ln§+lnz+ln§+ln2]
5 5 5 5 5
~ 0.3153168.
U(f, Ps) = (E> |:1n§+lnz+ln§+ln2+ln2]
5 5 5 5 5
~ (0.4539462.
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5. f(x)=sinx on [0, 7], n=6.
P T 7w w 2w Sm
= s Ty R A T o T
6 6’3236
= 1 V3 V3 o1 ]
L(f,P)=—|0+-+—+—+=-40
(f, Pe) 5 +2+2+2+2+
- %(1 ++/3) ~ 143,
n_l V3 V3 1_
P)=— |+ — 1414~ 4~
U(f6)62-|-2-|--|--|-2-|-2
- %(3 +/3) ~2.48.
6. f(x) =cosx on [0,27], n=4.
2w b4 3
L(f,Ps)=|—)|cos—=+cosm +cosm +cos— | =—m.
4 2 2
2 b4 3r
U(f, Py) = 7 cos0+cos5+cos7+cos2n =.
YA
y=cos x
/2 b4 >
3m/2 2m x
Fig. 5.3.6
7. f(x) = x on [0, 1]. P,,:{O,%,%,...,%,%}.We
have
1 1 2 n—1
L(f,P))=—-|{0+—4+—4+---+
n n o n n
I m=Dn n-1
T n? 2 oo
11 2 3 n
Uuf,h)y=—|-+-+-—-+--4+-
n\n n n n
_1 n(n+l)n_n+l
T n? 2 oo

Thus limy, 00 L(f, Py) = limy—00 U(f, Py) = 1/2.
If P is any partition of [0, 1], then

n+1

L(f,P) =U(f, Pn) = o

for every n, so L(f, P) < lim, o U(f, P,) = 1/2.
Similarly, U(f, P) > 1/2. If there exists any number [/
such that L(f, P) < I < U(f, P) for all P, then I can-
not be less than 1/2 (or there would exist a P, such that
L(f, P,) > I), and, similarly, / cannot be greater than
1/2 (or there would exist a P, such that U(f, P,) < I).
Thus 7 = 1/2 and [ xdx = 1/2.
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8. f(x)=1l-xon[0,2]. P, ={0,2 2 . 22 2} By I'Hopital’s Rule,
We have
lim n(@" — 1) = lim ‘!
2 2 4 2 -
L(f,Pn)Z—((1——>+<1——>+~~~+<1——n>> n— 00 n— 00 3/ln/l’l ) \
n n n n . e(=3/n%) 3¢
n = llIIl —_— = 1Im =
2 4 . n— 00 —l/n2 n— 00
=n——) i
n - Thus
4 1
=2——2M=———>0asn—>oo, ] 5 3
n 2 n lim L(f, P,) = lim U(f, P,) =e —1:/ e dx.
n—oQ n—o0 0

U(f, P %((1—2)4_(1_%>+...+(1_2nn—2)>

_ n : 1
2 4 : 1 [i
i=0 =1
4 m—1n 2 —
=2—-——=-——" =— > 0asn— oo. i
2 2 0 12 lim Z / - i fdx

? o i T
Thus / (I —x)dx =0. 13. lim Z—sin— =/ sinx dx
0 n—>c>oi=1 n n 0
9. fx)=x3on[0,1]. P, = {0, 1 2 . o=l 1l we ) Ny )
have (using the result of Exercise 51 (or 52) of Section 14. lim Z —In (1 + —) = / In(1 + x)dx
6.1) 00 —n n 0
n . 1
1 2i —1
1 0\? 1\’ n—1\° 15. lim Z—tan*1 ( ! ) =/ tan"x dx
L(f»Pn):_ (— + | - + .4 ’14}00471}1 2n 0
n n n n i=
2i — 1 i —1 i
1 ”ii 3 1 (n— 1)2n? Note that l2n is the midpoint of |:l pat l;:|
T ont p Ol T ont 4
= n n 1
1 1 dx
—1\2 16. i " 2 =/
L ik N dm > i“éoZn T+ Ga/m? " Jy 1442
4 n 4 i=1 i=1
1 A% 2\’ ny3 17. LetAx:b_aandx~:a+iAxwhere1<i<n—1.
vir Py =—(-) +(5) ++(%) p i =is
AN n n Since f is continuous and nondecreasing,
1 & 1 n%(n+1)7?
o ML L(f. P) = f(@bx + f ) A+
i=1 SO)Ax 4+ -+ 4 f(xp—1)Ax
_ 1 /n+1 2 1 b—a n—1
=71 — g asn— oo :T[f(a)+zf(xi):|’
i=1
L, 1 U(f, Py) = fx)Ax + fx)Ax + -+
Thus/0 x’dx = e fGn—1)Ax + f(b)Ax
b—a n—1
10. f(x) =e on[0,3]. P, = {0,238, .. =3 30} we = T[Zf(xi)+f(b)].
have (using the result of Exercise 51 (or 52) of Section i=1
6.1) Thus,
Lif Py =2 (eO/n TV T R e3<n71>/n) U(f Py — L(f, Py
n n—1
_3em-1 3@ -1 [Z Fai) + fb) ~ f (@)~ Zf(x, ]
nein—1  n@EA3n—1y
b — b
U(f, Py = E (63/" —‘,—66/" +e9/n +.. +63n/n) — 63/nL(f, P,). _ ( a)(f(b) — f(a))
n n
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Since
Jim [U(f, Pa) = L(f. P =m)] =0,

therefore f must be integrable on [a, b].

18. P={xp<x; <-- < x},
P={xp<xi<--<xj_1<x <xj <. <xp}
Let m; and M; be, respectively, the minimum and max-
imum values of f(x) on the interval [x;_1, x;], for
1 <i <n. Then

L(f, P) = mi(xi — xi-1),
i=1

U(f.pP)= ZMi(xi — Xi-1)-
i=1

If m; and M J’ are the minimum and maximum values
of f(x) on [xj_1,x], and if m}’ and M]’f are the corre-
sponding values for [x, x;j], then

I " / 4
m; = mj, m;=mj, MJ»SM]', Mj < M;.
Therefore we have

mj(xj — xj—1) < mi(x" = xj_1) +mj(xj — x),

M;(xj — xj—1) > MJ’-(x’ —xj—1)+ M]’»’(xj —x').
Hence L(f, P) < L(f,P)and U(f, P) > U(f, P).

If P” is any refinement of P we can add the new points
in P” to those in P one at a time, and thus obtain

L(f.P) = L(f. P"), U(f, P") <U(f, P).

Section 5.4 Properties of the
Definite Integral (page 296)

b c a
1. / f(x)dx—i—/ f(x)dx—i—/ f(x)dx
a b c
=/Cf(x)dx—/cf(x)dx=0
2 3 3
2. /3f(x)dx+/ 3f(x)dx—/ 2f(x)dx
0 1 0
2
—/ 3f(x)dx
1 : 2
:/ (3—2)f(x)dx+/ B+3-2-3)f(x)dx
0 1

3
+/ B—=2)f(x)dx
2

3
= / fx)dx
0
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3. [ +2)dx= %(4)(4) _

y4 2.4

y=x+2 2

Fig. 5.4.3

4. [Z(G3x+ 1)dx = shaded area = L(1 +7)(2) = 8

Y A
y=3x+1
5 x
Fig. 5.4.4
bZ 2
5. fahxdx =5~ %
y4
y=x
a b X
Fig. 5.4.5

6. [F(1—20)dx=A;—Ar =0

y =t —2x

Fig. 5.4.6

7. [VVIRdi = (2R =
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